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Upper bound of one-magnon excitation and lower bound of effective mass for
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Using a variational method, we derive an exact upper bound for one-magnon excitation energy in
ferromagnetic spinor gases, which limits the quantum corrections to the effective mass of a magnon
to be positive. We also derive an upper bound for one-magnon excitation energy in lattice systems.
The results hold for both Bose and Fermi systems in d dimensions as long as the interaction is local
and invariant under spin rotation.
PACS numbers: 67.85.Fg, 03.75.Mn, 75.30.Ds
I. INTRODUCTION
Effective mass is one of the important concepts in
condensed-matter physics. This appears in various sys-
tems, such as particles in a periodic potential [1], Fermi
liquid [2], and polaron problems [3]. Since the effective
mass reflects not only the effects of static structures of
systems but also dynamical processes between particles,
it is a key quantity to understand the many-body physics.
Here, we focus on the problem of whether the interac-
tions between particles increase or decrease the effective
mass compared with the mass of a bare particle. Liquid
3He [2] and f -electron systems [4] are examples that the
effective mass is heavier than the bare mass. Conversely,
the effective mass is lighter than the bare mass in a high-
density electron gas [2, 5] and a polaron system [6]. Thus,
it is not obvious that the effective mass is increased or
decreased by quantum many-body effects.
Ultracold atomic gases are suitable systems for explor-
ing many-body physics owing to their high experimental
controllability [7]. In particular, ultracold atomic gases
with spin-degrees of freedom have intriguing features
originating from superfluidity and magnetism, which
have been extensively explored [8, 9] since the experi-
mental realization of spinor Bose-Einstein condensates
(BECs) [10–16]. In the recent experiment performed by
the Berkeley group [17], the magnon (spin-wave) dis-
persion and its effective mass in the spin-1 ferromag-
netic BEC were precisely measured. The technique of
high-precision measurement opens up the opportunity to
study the spin-wave excitations in the spinor gases. Ac-
cording to the mean-field prediction for the magnon ex-
citation, its dispersion is the same as that of the free
particle [18, 19]. This indicates that the effective mass of
the magnon is the same as the atomic mass at the mean-
field level. However, the observed effective mass of the
magnon is heavier than that of the atomic mass [17].
In this paper, using a simple variational method, we
derive a restriction on the effective mass of a magnon
in the ferromagnetic spinor gases: the effective mass is
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never decreased by the quantum many-body corrections
as long as the interactions between particles are local and
invariant under spin rotation. We also derive the upper
bound for the magnon dispersion relation in a lattice sys-
tem. These results hold for both Bose and Fermi systems
in d dimensions.
II. CONTINUOUS SYSTEMS
We consider spin-f bosons or fermions in a d-
dimensional space. The field operator is denoted by
ψˆm(r), where m = −f,−f + 1, · · · , f represents a mag-
netic sublevel. The field operators satisfy the boson or
fermion canonical commutation relations,
[ψˆm(r), ψˆ
†
m′(r
′)]σ ≡ ψˆm(r)ψˆ†m′(r′)− σψˆ†m′(r′)ψˆm(r)
= δm,m′δ(r − r′), (1)
[ψˆm(r), ψˆm′(r
′)]σ = [ψˆ
†
m(r), ψˆ
†
m′(r
′)]σ = 0, (2)
where σ = +1 for bosons and σ = −1 for
fermions. We define the local-density operator
nˆ(r) ≡ ∑m ψˆ†m(r)ψˆm(r), the local magnetization op-
erator Fˆµ(r) ≡
∑
m,n(fµ)mnψˆ
†
m(r)ψˆn(r), and the lo-
cal nematic-tensor operator Nˆµν(r) ≡
∑
m,n(fµfν +
fνfµ)mnψˆ
†
m(r)ψˆn(r)/2, where (fµ)mn (µ = x, y, z) is
the (m,n) component of the spin-f matrix. The local
raising and lowering operators are defined by Fˆ±(r) ≡∑
m,n(f±)mnψˆ
†
m(r)ψˆn(r), where (f±)mn ≡ (fx± ify)mn.
The Hamiltonian for the system is given by
Hˆ ≡ HˆKin + HˆLZ + HˆQZ + HˆInt, (3)
HˆKin ≡
∫
dr
∑
m
ψˆ†m(r)
(
− ~
2
2M
∇2
)
ψˆm(r), (4)
HˆLZ ≡ −pMˆz, (5)
HˆQZ ≡ qNˆzz, (6)
where M is the atomic mass, p and q are the mag-
nitudes of the linear and quadratic Zeeman energies,
Mˆα ≡
∫
drFˆα(r) (α = x, y, z,+,−) is the total mag-
netization operator, and Nˆαβ ≡
∫
drNˆαβ(r) is the total
2nematic-tensor operator. The interaction Hamiltonian is
defined by [8]
HˆInt ≡
∑
F ,M
gF
2
∫
drAˆ†FM(r)AˆFM(r)
=
1
2
∫
dr
∑
m,n,m′,n′
Cmm
′
nn′ ψˆ
†
m(r)ψˆ
†
m′(r)ψˆn′(r)ψˆn(r),
(7)
AˆFM(r) ≡
∑
m,m′
〈F ,M|f,m; f,m′〉 ψˆm(r)ψˆm′(r), (8)
Cmm
′
nn′ ≡
∑
F ,M
gF 〈f,m; f,m′|F ,M〉〈F ,M|f, n; f, n′〉 ,
(9)
where F = 0, 2, · · · , 2⌊f⌋ and M = −F ,−F + 1, · · · ,F
are the total spin and its z component of two collid-
ing particles, respectively, ⌊·⌋ is the floor function, gF
is the coupling constant for the spin-F channel [20],
AˆFM(r) is the pair annihilation operator with the spin
state (F ,M) at position r, and 〈F ,M|f,m; f,m′〉 is the
Clebsch-Gordan coefficient. The total particle number,
the total momentum, and the z component of the total
magnetization are the conserved quantities:
[Hˆ, Nˆ ] = 0, [Hˆ, Pˆ ] = 0, [Hˆ, Mˆz] = 0, (10)
where Nˆ ≡ ∫ drnˆ(r) and Pˆ ≡
(−i~/2) ∫ dr∑m[ψˆ†m(r)∇ψˆm(r) − H.c.] (H.c. denotes
the Hermitian conjugate).
We consider two Hilbert subspaces HF and HkSW.
HF is spanned by the eigenvectors of the Hamiltonian
{|ΨF〉} that satisfy Nˆ |ΨF〉 = N |ΨF〉, Pˆ |ΨF〉 = 0,
and Mˆz |ΨF〉 = fN |ΨF〉. In this state, all N parti-
cles occupy the magnetic sublevel m = f , i.e., the fully
spin-polarized ferromagnetic state. HkSW is spanned by
the eigenvectors of the Hamiltonian {|ΨkSW〉} that sat-
isfy Nˆ |ΨkSW〉 = N |ΨkSW〉, Pˆ |ΨkSW〉 = ~k|ΨkSW〉, and
Mˆz|ΨkSW〉 = (fN − 1)|ΨkSW〉, where k is the wave num-
ber of a spin wave. In HkSW, N − 1 particles occupy
the magnetic sublevel m = f , and one particle occupies
m = f − 1.
We assume that the ground state |g.s.〉 is the fully fer-
romagnetic state, i.e., |g.s.〉 is the lowest-energy eigen-
state in HF, where |g.s.〉 is normalized as 〈g.s.|g.s.〉 = 1.
The ground-state energy is denoted by E0. We de-
fine the one-magnon excited state |e.s.〉 as the lowest-
energy eigenstate in HkSW, where |e.s.〉 is normalized as
〈e.s.|e.s.〉 = 1. The eigenenergy of the one-magnon ex-
cited state is denoted by ǫSW
k
+ E0, where ǫ
SW
k
≥ 0. A
similar definition of the spin-wave excitation is used in
Refs. [21, 22].
A. Magnon excitation at the nean-field level
Before presenting our results, we show that the magnon
excitation energy for spin-f bosons is the same as the dis-
persion of a free particle in the mean-field approximation.
For simplicity, we consider the case of p = q = 0. The
Heisenberg equation for the field operator is given by
i~
∂
∂t
ψˆm(r, t) = − ~
2
2M
∇2ψˆm(r, t)
+
∑
m′,n,n′
Cmm
′
nn′ ψˆ
†
m′(r, t)ψˆn′(r, t)ψˆn(r, t). (11)
In the mean-field approximation [18, 19], the system
is described by the Gross-Pitaevskii equation, which is
determined by replacing the field operator ψˆm(r, t) in
Eq. (11) with the condensate wave function Ψm(r, t):
i~
∂
∂t
Ψm(r, t) = − ~
2
2M
∇2Ψm(r, t)
+
∑
m′,n,n′
Cmm
′
nn′ Ψ
∗
m′(r, t)Ψn′(r, t)Ψn(r, t). (12)
The ferromagnetic solution is given by Ψm(r, t) =
e−iµt/~δm,f
√
n0, where µ = C
ff
ff n0 = g2fn0 is the chem-
ical potential and n0 is the particle density. Substituting
e−iµt/~[
√
n0δm,f + δΨm(r, t)] into Eq. (12) and neglect-
ing the higher-order terms of δΨm(r, t), we obtain the
equation of motion for the m = f − 1 component:
i~
∂
∂t
δΨf−1(r, t) = − ~
2
2M
∇2δΨf−1(r, t), (13)
where we used Cf−1,fff = 0 and C
f−1,f
f,f−1 = C
f,f−1
f−1,f =
g2f/2. This equation yields the magnon excitation en-
ergy ǫMF
k
= ~2k2/2M , which is the same as the dispersion
relation of a free particle.
B. Result 1 (continuous systems)
The one-magnon excitation energy ǫSW
k
satisfies the
following inequality:
p− (2f − 1)q ≤ ǫSWk ≤ ǫ0k + p− (2f − 1)q, (14)
where ǫ0
k
≡ ~2k2/2M is the free-particle energy.
In the long-wavelength limit, we can expand ǫSW
k
as
ǫSW
k
= p − (2f − 1)q + ~2k2/2M∗ + O(|k|3), where M∗
is the effective mass of the magnon. Therefore, Eq. (14)
gives the inequality
M∗ ≥M. (15)
Thus, the effective mass never becomes lighter than the
bare atomic mass. Since the upper bound in Eq. (14)
coincides with the excitation energy of the noninteract-
ing systems, the contact interaction always enhances the
effective mass of the magnon.
3C. Proof of result 1
Our strategy for proving Eq. (14) is based on a varia-
tional method. We note that a similar method was used
in Ref. [23] for two-component Bose systems with SU(2)
symmetry. For |Ψ〉 ∈ HkSW, we can show that the follow-
ing inequality holds:
〈Ψ| Hˆ |Ψ〉
〈Ψ|Ψ〉 ≥ ǫ
SW
k
+ E0. (16)
Here, we take |Ψ〉 ≡ Fˆ−(−k) |g.s.〉 as a trial wave func-
tion, where F−(k) ≡
∫
dre−ik·rFˆ−(r) = Fˆ
†
+(−k). One
can easily show that F−(−k) |g.s.〉 ∈ HkSW. Using the re-
lations Hˆ |g.s.〉 = E0 |g.s.〉 and Fˆ+(k) |g.s.〉 = 0, Eq. (16)
is rewritten as
ǫSWk ≤
〈g.s.| [Fˆ+(k), [Hˆ, Fˆ−(−k)]] |g.s.〉
〈g.s.| [Fˆ+(k), Fˆ−(−k)] |g.s.〉
. (17)
To calculate the numerator of Eq. (17), we first con-
sider the case of p = q = 0. In this case, the equation of
continuity for the magnetization is given by [24]
∂
∂t
Fˆµ(r, t) +∇ · Jˆspinµ (r, t) = 0 (18)
in the Heisenberg representation, where Jˆspinµ (r) ≡
−i~/(2M)∑m,n[(fµ)mnψˆ†m(r)∇ψˆn(r)−H.c.] is the spin-
current operator. As in the case of the derivation of the
f -sum rule [2], the equation of continuity in the k space
and the Heisenberg equation for Fˆ−(k, t) gives
[Hˆ, Fˆ−(−k)] = ~k · Jˆspin− (−k), (19)
where Jˆspin− (k) ≡
∫
dre−ik·r[Jˆspinx (r) − iJˆspiny (r)]. The
detailed calculations of the interaction terms are shown
in the Appendix A. After some algebra, we obtain the
numerator of Eq. (17) as
〈g.s.| [Fˆ+(k), [Hˆ, Fˆ−(−k)]] |g.s.〉 = 2fNǫ0k, (20)
where we used M
∫
drJˆspinz (r) |g.s.〉 = f Pˆ |g.s.〉 = 0 and
Nˆzz |g.s.〉 = f2N |g.s.〉. The denominator of Eq. (17)
becomes
〈g.s.| [Fˆ+(k), Fˆ−(−k)] |g.s.〉 = 2fN. (21)
We thus obtain the upper and lower bounds for p = q =
0: 0 ≤ ǫSW
k
≤ ǫ0
k
.
The case of p 6= 0 and q 6= 0 can be derived as fol-
lows. When HˆLZ and HˆQZ act on the state vector be-
longing to the Hilbert subspace HF or HkSW, they re-
duce to −pfN and qf2N for HF and −p(fN − 1) and
q(f2N − 2f + 1) for HkSW. Therefore, the linear and
the quadratic Zeeman terms lift only the eigenenergy.
The increase in the eigenenergy is given by 〈e.s.| HˆLZ +
HˆQZ |e.s.〉−〈g.s.| HˆLZ+HˆQZ |g.s.〉 = p−(2f−1)q. There-
fore, we obtain the inequality (14). The result in the pres-
ence of the uniform magnetic field is due to the fact that
a magnon in the magnetic field is the massive Nambu-
Goldstone mode [25–27].
III. LATTICE SYSTEMS
We next consider the spin-f bosons or fermions in
d-dimensional lattice systems. The annihilation (cre-
ation) operator at the lattice site R is denoted by
aˆR,m (aˆ
†
R,m), which satisfies the commutation relations
[aˆR,m, aˆ
†
R′,m′ ]σ = δR,R′δm,m′ and [aˆR,m, aˆR′,m′ ]σ =
[aˆ†
R,m, aˆ
†
R′,m′ ]σ = 0. We define the local density op-
erator nˆ(R) ≡ ∑m aˆ†R,maˆR,m, the local magnetization
operator Fˆα(R) ≡
∑
m,n(fα)mnaˆ
†
R,maˆR,n, and the lo-
cal nematic-tensor operator Nˆαβ(R) ≡
∑
m,n(fαfβ +
fβfα)mnaˆ
†
R,maˆR,n/2. We also introduce the annihilation
(creation) operator of the Bloch state bˆk,m (bˆ
†
k,m), where
~k is the crystal momentum. The relation between aˆR,m
and bˆk,m is given by aˆR,m = (1/
√
NL)
∑
k
eik·Rbˆk,m,
where NL is the number of sites.
The single-band Hubbard Hamiltonian of the system
is given by
Hˆ ≡ HˆKin + HˆLZ + HˆQZ + HˆInt, (22)
HˆKin ≡
∑
R,R′,m
tR,R′ aˆ
†
R,maˆR′,m =
∑
k,m
ǫ(k)bˆ†
k,mbˆk,m,
(23)
HˆLZ ≡ −pMˆz, (24)
HˆQZ ≡ qNˆzz, (25)
where tR,R′ = tR′,R ∈ R is the hopping parameter de-
pending only on the distance |R −R′|, ǫ(k) is the bare
band dispersion, Mˆα ≡
∑
R
Fˆα(R) is the total magne-
tization operator, and Nˆαβ ≡
∑
R
Nˆαβ(R) is the total
nematic-tensor operator. The interaction Hamiltonian is
defined by
HˆInt ≡
∑
F ,M,R
g˜F
2
Aˆ†FM(R)AˆFM(R), (26)
where g˜F is the interaction strength of the spin-F channel
and AˆFM(R) ≡
∑
m,m′ 〈F ,M|f,m; f,m′〉 aˆR,maˆR,m′ is
the pair annihilation operator of the spin state (F ,M)
at site R. We note that the total particle number op-
erator Nˆ ≡ ∑
R
nˆ(R), the z component of the total
magnetization operator Mˆz, and the translation opera-
tor TˆR commute with Hˆ , where TˆR satisfies the relation
TˆRaˆR′,mTˆ
−1
R
= aˆR+R′,m.
In the same manner as in the continuous systems, we
use the two Hilbert subspaces HF and HkSW. HF andHkSW are spanned by the eigenvectors of the Hamilto-
nian |ΨF〉 and |ΨkSW〉 that satisfy Nˆ |ΨF〉 = N |ΨF〉,
Mˆz |ΨF〉 = fN |ΨF〉, and TˆR |ΨF〉 = |ΨF〉 and Nˆ |ΨkSW〉 =
N |ΨkSW〉, Mˆz|ΨkSW〉 = (fN − 1)|ΨkSW〉, and TˆR|ΨkSW〉 =
e−ik·R|ΨkSW〉, respectively. We assume that the ground
state |g.s.〉 is the lowest-energy eigenstate in HF, nor-
malized as 〈g.s.|g.s.〉 = 1, and its energy is E0. We also
assume that the one-magnon excited state is the lowest-
energy eigenstate in HkSW with an energy ǫSWk + E0.
4A. Result 2 (lattice systems)
The one-magnon excitation energy satisfies
p− (2f − 1)q ≤ ǫSW
k
≤ ǫ˜(k) + p− (2f − 1)q, (27)
where
ǫ˜(k) ≡ 1
N
∑
k′
[ǫ(k′ + k)− ǫ(k′)] 〈g.s.| nˆk′,f |g.s.〉 , (28)
with nˆk,m ≡ bˆ†k,mbˆk,m. In the long-wavelength limit, ǫ˜(k)
can be expanded as
ǫ˜(k) ≃
∑
i,j
~
2kikj
2N
∑
k′
〈g.s.| nˆk′,f |g.s.〉
m∗ij(k
′)
, (29)
[m∗ij(k)]
−1 ≡ 1
~2
∂2
∂ki∂kj
ǫ(k), (30)
where we assume the space-inversion symmetry of the
system and m∗ij(k) is an effective mass tensor.
The upper bound in Eq. (27) reflects the bare band dis-
persion, in contrast to the uniform continuous systems.
This is due to the lack of the continuous translational
symmetry of the system. We note that a similar situa-
tion appears in the f -sum rule for lattice systems [28].
B. Proof of result 2
The proof is almost the same as that for the continuous
systems. In Eq. (16), we take |Ψ〉 ≡ Fˆ−(−k) |g.s.〉, where
Fˆ−(k) ≡
∑
R
e−ik·RFˆ−(R). The upper bound of the
lattice systems is given by the same expression as the
continuous systems (17).
As in the case of the continuous systems, we first con-
sider the zero magnetic field p = q = 0. The commutator
[Hˆ, Fˆ−(−k)] and its double commutator are calculated
to be
[Hˆ, Fˆ−(−k)]
=
∑
k′,m,n
(f−)mn [ǫ(k
′ + k)− ǫ(k′)] bˆ†
k′+k,mbˆk′,n, (31)
[Fˆ+(k), [Hˆ, Fˆ−(−k)]]
= f(f + 1)
∑
k′,m
[ǫ(k′ − k) + ǫ(k′ + k)− 2ǫ(k′)]nˆk′,m
−
∑
k′,m,n
(f2z )mn[ǫ(k
′ − k) + ǫ(k′ + k)− 2ǫ(k′)]bˆ†
k′,mbˆk′,n
+
∑
k′,m,n
(fz)mn[ǫ(k
′ + k)− ǫ(k′ − k)]bˆ†
k′,mbˆk′,n. (32)
Using the expectation values for the ground
state, 〈g.s.| nˆk,m |g.s.〉 = δm,f 〈GS| nˆk,f |g.s.〉
and 〈g.s.| (fsz )mnbˆ†k,mbˆk,n |g.s.〉 =
f sδm,fδn,f 〈g.s.| bˆ†k,f bˆk,f |g.s.〉 (s = 1, 2), we obtain
〈g.s.| [Fˆ+(k), [Hˆ, Fˆ−(−k)]] |g.s.〉 = 2fNǫ˜(k). (33)
The denominator in Eq. (17) is
〈GS| [Fˆ+(k), Fˆ−(−k)] |GS〉 = 2fN , which is the
same as that of the continuous systems.
The upper and lower bounds for lattice systems at the
zero magnetic field thus become 0 ≤ ǫSW
k
≤ ǫ˜(k). In a
manner similar to that in the continuous systems, the
magnetic field lifts only the eigenenergy. Therefore, we
obtain inequality (27).
IV. CONCLUDING REMARKS
We have derived the exact upper bound of the one-
magnon excitation energy for the ferromagnetic spinor
Bose and Fermi gases in both continuous and lattice sys-
tems, respectively. This result holds for arbitrary spin
and spatial dimensions under the following assumptions:
(i) the ground state is fully spin polarized and has zero
(crystal) momentum, (ii) the Hamiltonian has continu-
ous (discrete) translational symmetry in continuous (lat-
tice) systems, and (iii) two-body interaction is the s-wave
contact one and is isotropic in spin-space. Since our re-
sults are based on the local spin-conservation law, anal-
ogous to the f -sum rule due to the particle number con-
servation [2], the inequality (14) is one of the universal
properties of the ferromagnetic spinor gases. Inequalities
(14) and (15) serve as a check for the validity of quan-
tum many-body corrections. We note that the quantum
many-body correction to the magnon mass recently cal-
culated in Ref. [29] satisfies inequality (14).
From inequality (14), we can conclude that the effec-
tive mass of a magnon never becomes lighter than the
atomic mass. Since the equality M∗ =M holds for non-
interacting systems, we find that the contact interactions
always increase the effective mass of a magnon. If one ob-
serves the effective mass of a magnon that is lighter than
the atomic mass, its origin is not the isotropic contact
interaction but other effects, such as the magnetic dipole-
dipole interaction, which is long ranged and anisotropic.
In fact, we showed that the effective mass of a magnon
can decrease due to the magnetic dipole-dipole interac-
tion [30].
Our results are valid not only for ferromagnetic spinor
Bose gases but also for ferromagnetic Fermi gases. In
contrast to the spinor Bose gases (see Ref. [31]), the ferro-
magnetism in Fermi systems is a generally difficult prob-
lem since the ferromagnetic phase is realized in a strongly
correlated regime. The Nagaoka state is an example of a
fully spin-polarized ground state in the spin-1/2 Hubbard
model [32, 33] and SU(N) Hubbard model [34]. For two-
component (f = 1/2) Fermi gases, the Stoner instability
does not occur due to the competition with the pairing
instability [35]. Fermi gases with higher spin have already
been realized in the experiments [36, 37]. The ferromag-
netic phase transition in the SU(N) Fermi systems has
been theoretically discussed [38].
Future work is to improve the upper and lower bounds
of the excitation energy. Our upper bound (14) does
5not depend on the interaction strength. An appropriate
modification of the trial wave function allows us to incor-
porate the effect of interactions into the upper and lower
bounds, which may corroborate the Beliaev theory [29].
Another prospect will be the upper and lower bounds for
the spin-wave excitations in other magnetic phases such
as polar and antiferromagnetic phases.
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Appendix A: Calculation for Commutators
In this appendix, we present the detailed calculations for the commutation relation [HˆInt, Fˆµ(r)] (µ = x, y, z).
According to Ref. [39], the interaction coefficient Cmm
′
nn′ can be written as
Cmm
′
nn′ = Λ0δm,nδm′,n′ +
⌊f⌋∑
k=1
∑
ν1,··· ,νk
Λk(fν1 · · · fνk)mn(fν1 · · · fνk)m′n′ , (A1)
where Λ0 and Λk are the linear combination of gF . The interaction Hamiltonian (7) reduces to
HˆInt =
Λ0
2
∫
dr : nˆ(r)2 : +
⌊f⌋∑
k=1
Λk
2
∫
dr
∑
ν1,··· ,νk
: Nˆ (k)ν1ν2,··· ,νk(r)2 : (A2)
≡ Hˆ(0)Int +
⌊f⌋∑
k=1
Hˆ
(k)
Int , (A3)
Nˆ (k)ν1···νk(r) ≡
∑
m,n
(fν1 · · · fνk)mnψˆ†m(r)ψˆn(r), (A4)
where : : denotes the normal ordering and Nˆ (k)ν1···νk(r) is the rank-k local nematic-tensor operator. First, we calculate
[Hˆ
(0)
Int , Fˆµ(r)]:
[Hˆ
(0)
Int , Fˆµ(r)] =
Λ0
2
∑
m,n,m′,n′
∫
dr′(fµ)m′n′ [ψˆ
†
m(r
′)ψˆ†n(r
′)ψˆn(r
′)ψˆm(r
′), ψˆ†m′(r)ψˆn′(r)]
=
Λ0
2
∑
m,n,m′,n′
(fµ)m′n′
[
−σδn,n′ψˆ†m′(r)ψˆ†m(r)ψˆn(r)ψˆm(r)− δm,n′ψˆ†m′(r)ψˆ†n(r)ψˆn(r)ψˆm(r)
+δm,m′ψˆ
†
m(r)ψˆ
†
n(r)ψˆn(r)ψˆn′(r) + σδn,m′ψˆ
†
m(r)ψˆ
†
n(r)ψˆm(r)ψˆn′(r)
]
= 0. (A5)
Next, we calculate [Hˆ
(k)
Int , Fˆµ(r)]. We use a short-hand notation,
(Tk)mn ≡ (fν1 · · · fνk)mn. (A6)
6The commutator [Hˆ
(k)
Int , Fˆµ(r)] is calculated to be
[Hˆ
(k)
Int , Fˆµ(r)] =
Λk
2
∫
dr′
∑
m,n,m′,n′,m′′,n′′
∑
ν1,··· ,νk
(Tk)mn(Tk)m′n′(fµ)m′′n′′
× [ψˆ†m(r′)ψˆ†m′(r′)ψˆn′(r′)ψˆn(r′), ψˆ†m′′(r)ψˆn′′(r)]
=
Λk
2
∑
m,n,m′,n′,m′′,n′′
∑
ν1,··· ,νk
(Tk)mn(Tk)m′n′(fµ)m′′n′′
×
[
−σδm′,n′′ ψˆ†m′′(r)ψˆ†m(r)ψˆn′(r)ψˆn(r)− δm,n′′ψˆ†m′′(r)ψˆ†m′(r)ψˆn′(r)ψˆn(r)
+δn,m′′ψˆ
†
m(r)ψˆ
†
m′(r)ψˆn′(r)ψˆn′′(r) + σδn′,m′′ ψˆ
†
m(r)ψˆ
†
m′(r)ψˆn(r)ψˆn′′(r)
]
= Λk
∑
m,n,m′,n′
∑
ν1,··· ,νk
(Tk)mn[Tk, fµ]m′n′ ψˆ
†
m(r)ψˆ
†
m′(r)ψˆn′(r)ψˆn(r). (A7)
Here, the commutator [Tk, fµ]mn becomes
[Tk, fµ]mn = [fν1fν2 · · · fνk , fµ]mn
=
k∑
j=1
(
fν1 · · · fνj−1 [fνj , fµ]fνj+1 · · · fνk
)
mn
=
k∑
j=1
∑
λ
iǫνjµλ
(
fν1 · · · fνj−1fλfνj+1 · · · fνk
)
mn
, (A8)
where ǫµνλ is the completely antisymmetric tensor. From Eqs. (A7) and (A8), we obtain
[Hˆ
(k)
Int , Fˆµ(r)] = Λk
∑
m,n,m′,n′
∑
ν1,··· ,νk,λ
k∑
j=1
iǫνjµλ(fν1 · · · fνj · · · fνk)mn(fν1 · · · fλ · · · fνk)m′n′
× ψˆ†m(r)ψˆ†m′(r)ψˆn′(r)ψˆn(r)
= −Λk
∑
m,n,m′,n′
∑
ν1,··· ,νk,λ
k∑
j=1
iǫνjµλ(fν1 · · · fνj · · · fνk)mn(fν1 · · · fλ · · · fνk)m′n′
× ψˆ†m(r)ψˆ†m′(r)ψˆn′(r)ψˆn(r)
= −[Hˆ(k)Int , Fˆµ(r)]
= 0. (A9)
Therefore, the commutation relation [HˆInt, Fˆ−(r)] = 0 holds for spin-f bosons and fermions with the contact
interaction. In the same manner, we can show [HˆInt, Fˆµ(R)] = 0 for the lattice system.
[1] N. W. Ashcroft and N. D. Mermin, Solid State Physics
(Holt, Rinehardt and Winston, New York, 1976).
[2] D. Pines and P. Nozie`res, The Theory of Quantum Liq-
uids (Benjamin, New York, 1966).
[3] R. P. Feynman, Statistical Mechanics: A Set of Lectures
(Addison-Wesley, New York, 1972).
[4] A. C. Hewson, The Kondo Problem to Heavy Fermions
(Cambridge University Press, Cambridge, 1997).
[5] M. Gell-Mann, Phys. Rev. 106, 369 (1957).
[6] D. J. J. Marchand and M. Berciu, Phys. Rev. B 88,
060301(R) (2013).
[7] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.
80, 885 (2008).
[8] Y. Kawaguchi and M. Ueda, Phys. Rep. 520, 253 (2012).
[9] D. M. Stamper-Kurn and M. Ueda, Rev. Mod. Phys. 85,
1191 (2013).
[10] D. M. Stamper-Kurn, M. R. Andrews, A. P. Chikkatur,
S. Inouye, H.-J. Miesner, J. Stenger, and W. Ketterle,
Phys. Rev. Lett. 80, 2027 (1998).
[11] J. Stenger, S. Inouye, D. M. Stamper-Kurn, H. -J. Mies-
7ner, A. P. Chikkatur, and W. Ketterle, Nature (London)
396, 345 (1998).
[12] M. D. Barrett, J. A. Sauer, and M. S. Chapman, Phys.
Rev. Lett. 87, 010404 (2001).
[13] M.-S. Chang, C. D. Hamley, M. D. Barrett, J. A. Sauer,
K. M. Fortier, W. Zhang, L. You, and M. S. Chapman,
Phys. Rev. Lett. 92, 140403 (2004).
[14] H. Schmaljohann, M. Erhard, J. Kronja¨ger, M. Kottke,
S. van Staa, L. Cacciapuoti, J. J. Arlt, K. Bongs, and K.
Sengstock, Phys. Rev. Lett. 92, 040402 (2004).
[15] T. Kuwamoto, K. Araki, T. Eno, and T. Hirano, Phys.
Rev. A 69, 063604 (2004).
[16] B. Pasquiou, E. Mare´chal, G. Bismut, P. Pedri, L.
Vernac, O. Gorceix, and B. Laburthe-Tolra, Phys. Rev.
Lett. 106, 255303 (2011).
[17] G. E. Marti, A. MacRae, R. Olf, S. Lourette, F. Fang,
and D. M. Stamper-Kurn, Phys. Rev. Lett. 113, 155302
(2014).
[18] T. Ohmi and K. Machida, J. Phys. Soc. Jpn. 67, 1822
(1998).
[19] T. L. Ho, Phys. Rev. Lett. 81, 742 (1998).
[20] For three-dimensional systems, the expression of the cou-
pling constant is given by gF = 4pi~
2aF/M , where aF is
the s-wave scattering length of the spin-F channel.
[21] H. Tasaki, Phys. Rev. Lett. 73, 1158 (1994).
[22] H. Tasaki, J. Stat. Phys. 84, 525 (1996).
[23] K. Yang and Y. Q. Li, Int. J. Mod. Phys. B 17, 1027
(2003).
[24] In general, this equation of continuity holds for the
contact interaction. For nonlocal interactions, nonlocal
terms can arise in the equation of continuity.
[25] A. Nicolis and F. Piazza, Phys. Rev. Lett. 110, 011602
(2013).
[26] H. Watanabe, T. Brauner, and H. Murayama, Phys. Rev.
Lett. 111, 021601 (2013).
[27] D. A. Takahashi and M. Nitta, Ann. Phys. (N.Y.) 354,
101 (2015).
[28] S. D. Huber, E. Altman, H. P. Bu¨chler, and G. Blatter,
Phys. Rev. B 75, 085106 (2007).
[29] N. T. Phuc, Y. Kawaguchi, and M. Ueda, Ann. Phys. (N.
Y.) 328, 158 (2013).
[30] H. Saito and M. Kunimi, Phys. Rev. A 91, 041603(R)
(2015).
[31] H. Katsura and H. Tasaki, Phys. Rev. Lett. 110, 130405
(2013).
[32] Y. Nagaoka, Phys. Rev. 147, 392 (1966).
[33] H. Tasaki, Phys. Rev. B 40, 9192 (1989).
[34] H. Katsura and A. Tanaka, Phys. Rev. A 87, 013617
(2013).
[35] C. Sanner, E. J. Su, W. Huang, A. Keshet, J. Gillen, and
W. Ketterle, Phys. Rev. Lett. 108, 240404 (2012).
[36] S. Taie, Y. Takasu, S. Sugawa, R. Yamazaki, T. Tsuji-
moto, R. Murakami, and Y. Takahashi, Phys. Rev. Lett.
105, 190401 (2010).
[37] J. S. Krauser, J. Heinze, N. Fla¨schner, S. Go¨tze, O.
Ju¨rgensen, D.-S. Lu¨hmann, C. Becker, and K. Sengstock,
Nat. Phys. 8, 813 (2012).
[38] M. Cazalilla, A. F. Ho, and M. Ueda, New. J. Phys. 11,
103033 (2009).
[39] K. Kudo and Y. Kawaguchi, Phys. Rev. A 84, 043607
(2011).
